These days, it is common practice to base inference about the coefficients in a hetoskedastic linear model on the ordinary least squares estimator in conjunction with using heteroskedasticity consistent standard errors. Even when the true form of heteroskedasticity is unknown, heteroskedasticity consistent standard errors can also used to base valid inference on a weighted least squares estimator and using such an estimator can provide large gains in efficiency over the ordinary least squares estimator. However, intervals based on asymptotic approximations with plug-in standard errors often have coverage that is below the nominal level, especially for small sample sizes. Similarly, tests can have null rejection probabilities that are above the nominal level. In this paper, it is shown that under unknown hereroskedasticy, a bootstrap approximation to the sampling distribution of the weighted least squares estimator is valid, which allows for inference with improved finite-sample properties. For testing linear constraints, permutations tests are proposed which are exact when the error distribution is symmetric and is asymptotically valid otherwise. Another concern that has discouraged the use of weighting is that the weighted least squares estimator may be less efficient than the ordinary least squares estimator when the model used to estimate the unknown form of the heteroskedasticity is misspecified.
Introduction
In this paper, we consider the problem of inference in a linear regression model. Under conditional homoskedasticity, the ordinary least squares (OLS) estimator is the best linear unbiased estimator.
Traditional inference based upon the ordinary least squares estimator, such as the F test or t confidence intervals for individual coefficients, relies on estimators of asymptotic variance that are only consistent when the model is conditionally homoskedastic. In many applications, the assumption of conditional homoskedasticity is unrealistic. When instead the model exhibits conditional heteroskedasticity, traditional inference based on the ordinary least squares estimator may fail to be valid, even asymptotically.
If the skedastic function is known (that is, the function that determines the conditional heteroskedasticty of the error term given the values of the regressors), the best linear unbiased estimator (BLUE) is obtained by computing the ordinary least squares estimator after weighting the data by the inverse of square root of the value of the skedastic function. Unfortunately, in all but the most ideal examples, the heteroskedasticity is of unknown form, and this estimator cannot be used. However, if the skedastic function can be estimated, then weighting the model by the inverse square root of the estimate of the skedastic function produces a "feasible" weighted least squares (WLS) estimator. Although this estimator is no longer unbiased, it can often give improvements in efficiency over the ordinary least squares estimator. Even so, estimating the skedastic function is often challenging, and a poorly estimated skedastic function may produce an estimator that is less efficient than the ordinary least squares estimator. Furthermore, when the estimated skedastic function is not consistent, traditional inference based on the weighted least squares estimator may not be valid. Because of these difficulties the weighted least squares estimator has largely fallen out of favor with practitioners.
As an alternative, White (1980) develops heteroskedasticity consistent (HC) standard errors which allow for asymptotically valid inference, based on the ordinary least squares estimator, in the presence of conditional heteroskedasticity of unknown form. Although this approach abandons any efficiency gains that could be achieved from weighting, the standard errors are consistent under minimal model assumptions. Despite the asymptotic validity, simulation studies, such as MacKinnon and White (1985) who investigate the performance of several different heteroskedasticity consistent standard errors, show that inference based on normal or even t approximations can be misleading in small samples. In such cases, it is useful to consider bootstrap methods.
Following the proposal of White's heteroskedasticity consistent covariance estimators, resampling methods have been developed that give valid inference based on the ordinary least squares estimator. Freedman (1981) proposes the pairs bootstrap which resamples pairs of predictor and response variables from the original data. Another popular technique is the wild bootstrap which is suggested by Wu (1986) . This method generates bootstrap samples by simulating error terms according to a distribution whose variance is an estimate of the conditional variance for each predictor variable.
The choice of distribution used to simulate the error terms is discussed extensively in Davidson and Flachaire (2008) , Chesher (1989), and MacKinnon (2012) . Recent numerical work comparing the pairs bootstrap and the wild bootstrap to asymptotic approximations is given in Flachaire (2005) and Cribari-Neto (2004) . Godfrey and Orne (2004) conducts simulations suggesting that combining heteroskedasticity consistent standard errors with the wild bootstrap produces tests that are more reliable in small samples than using the normal approximation. Despite the improvements that the resampling methods produce over asymptotic approximations, inference based on the ordinary least squares estimator may still not be as efficient as weighted least squares.
Neither the solution of using heteroscedasticity consistent covariance estimators, nor using weighted least squares with traditional inference seem entirely satisfactory. Even recently there has been debate about the merits of weighting. Angrist and Pischke (2010) are of the belief that any potential efficiency gains from using a weighted least squares estimator are not substantial enough to risk the harm that could be done by poorly estimated weights. On the other hand, Leamer (2010) contends that researchers should be working to model the heteroskedasticity in order to determine whether sensible reweighting changes estimates or confidence intervals.
Even in examples where the estimated skedastic function is not consistent for the true skedastic function, the weighted least squares estimator can be more efficient than the ordinary least squares estimator in a first order asymptotic sense. Arguably, a more satisfying approach to inference than simply abandoning weighting is to base inference on the weighted least squares estimator in conjunction with HC errors. This proposal goes back to at least Wooldridge (2012) and is made rigorous in Romano and Wolf (2017) . Regardless of whether or not the parametric family used to estimate the skedastic function is correctly specified, the weighted least squares estimator has an asymptotically normal distribution with mean zero and a variance that can be consistently estimated by the means of HC standard errors (as long as some mild technical conditions are satisfied).
There are two difficulties with basing inference on these consistent standard errors. As is the case with using White's standard errors, using heteroskedasticity consistent standard errors with the weighted least squares estimator leads to inference that can be misleading in small samples.
This problem is even more severe with the weighted estimator than with the ordinary least squares estimator because the plug-in standard errors use the estimated skedastic function, and are the same estimators that would be used if it had been known a priori that the model would be weighted by this particular estimated skedastic function. Confidence intervals, for example, do not account for the randomness in estimating the skedastic function and for this reason tend to have coverage that is below the nominal level, especially in small samples.
The other trouble is that inference based on the weighted least squares estimator using consistent standard errors may not be particularly efficient, and investing effort in modeling the conditional variance may be counterproductive. In fact, when the family of skedastic functions is misspecified (or the estimated skedastic function is not consistent for the true skedastic function), the weighted least squares estimator can be less efficient than the ordinary least squares estimator, even when conditional heteroskedasticity is present. Although this possibility seems rare, it is theoretically unsatisfying and has been given as a reason to abandon the approach altogether.
In this paper, we will address these limitations of the weighted least squares estimator, namely the unsatisfying finite sample performance of asymptotic approximations, and the potential asymptotic inefficiency relative to the ordinary least squares estimator. Thus, the general goal is to improve the methodology in Romano and Wolf (2017) by constructing methods with improved accuracy and efficiency. We begin by establishing that the wild and pairs bootstrap approximations to the sampling distribution of the weighted least squares estimator are consistent. Using resampling methods, rather than asymptotic approximations, has the advantage that for each resample, the skedastic function can be re-estimated. This leads to approximations of the sampling distribution which account for the variability from estimating the weights that can have better finite sample properties than asymptotic approximations, which are the same as if the weights had been specified in advance and were non-random. This allows for confidence intervals and hypothesis tests with better finite sample performance than t intervals or F tests. For testing, we further establish asymptotic validity of permutation tests, which also have the advantage of re-estimating the function, but have the added benefit of finite sample exactness in some circumstances. To address the concern of the possible inefficiency of the weighted least squares estimator, we propose a new estimator that is a convex-combination of the ordinary least squares estimator and the weighted least squares estimator and is at least as efficient (asymptotically) as both the weighted and the ordinary least squares estimator (and potentially more efficient than either).
The remainder of the paper is organized as follows. Model assumptions are given in Section 2.
Consistency of both the pairs and wild bootstrap approximations to the distribution of the weighted least squares estimator is given in Section 3; notably, the bootstrap accounts for estimation of the skedastic function as it is re-estimated in each bootstrap sample. Tests for linear constraints of the coefficient vector using both bootstrap methods, as well as a randomization test, are given in Section 3.2. Estimators based on a convex-combination of the ordinary and weighted least squares estimators that are asymptotically no worse, but potentially more efficient than the ordinary least squares estimator, as well as the consistency of the bootstrap distribution of these estimators, are given in Section 4. Here, the bootstrap is useful not only to account for the randomness in the skedastic function but also the randomness in the convex weights. Section 5 provides an example where the convex-combination estimator is strictly more efficient than either the ordinary or weighted least squares estimators. Simulations to examine finite-sample performance, as well as an empirical application, are provided in Section 6. Proofs are given in the appendix.
Model and Notation
Throughout the paper, we will be concerned with the heteroskedastic linear regression model specified by the following assumptions.
(A1) The model can be written
p is a vector of predictor variables, and ε i is an unobservable error term with properties specified below.
(A2) {(y i , x i )} are independent and identically distributed (i.i.d.) according to a distribution P .
(A3) The error terms have conditional mean zero given the predictor variables:
(A6) There exists a function v(·), called the skedastic function, such that
It is also convenient to write the linear model specified by assumption (A1) in vector-matrix notation.
Finally, following the notation of Romano and Wolf (2017) , define
for any functions a, b : R p → R such that this expectation is finite. Using this convention, Σ xx = Ω 1/1 and Ω = Ω v/1 .
Estimators and Consistency of the Bootstrap
Under the model assumptions given in Section 2, it is common to use the ordinary least squares 
The weighted least squares (WLS) estimator based on the estimated skedastic function is obtained by regressing y i / vθ(x i ) on x i / vθ(x i ) by OLS and thus given bŷ
Provided the estimated skedastic function vθ(·) is suitably close to some limiting estimated skedastic function, say v θ 0 (·) for n large, then the weighted least squares estimator has an asymptotically normal distribution. Note that v θ 0 (·) need not correspond to the true skedastic function, which of course happens if the family of skedastic functions is not well specified. Romano and Wolf (2017) assume thatθ is a consistent estimator of some θ 0 in the sense that
where P − → denotes convergence in probability. This condition is verified by Romano and Wolf (2017) for the family of skedastic functions given in Lemma 3.1 under moment conditions. They also assume that at this θ 0 , 1/v θ (·) is differentiable in the sense that there exists a d-dimensional vector-valued function
and a real-valued function s θ 0 (·) (satisfying some moment assumptions) such that
for all θ in some small open ball around θ 0 and all x.
If (3.2) and (3.3) are satisfied, then under some further regularity conditions,
The matrices Ω 1/w and Ω v/w 2 appearing in the asymptotic variance can be consistently estimated
respectively, for suitable residualsε that are consistent for the true error terms ε. Then the asymptotic variance of the weighted least squares estimator, denoted by Avar(β WLS ), can be consistently estimated by
Remark 3.1. When the 'raw' OLS residuals,ε i . . = y i − x iβOLS , are used to computeΩ v/w 2 , the estimator (3.4) is commonly referred to as the HC0 estimator. To improve finite-sample performance other variants of HC used scaled residuals instead. The HC1 estimator scales the OLS residuals by n/(n − p), which reduces bias. When the errors are homoskedastic, the variance of the OLS residualε i is proportional to 1/(1 − h i ), where h i is the i th diagonal entry of the 'hat' matrix H . . = X(X X) −1 X . The HC2 estimator uses the OLS residuals scaled by 1/ (1 − h i ). The HC3 estimator uses the OLS residuals scaled by 1/(1 − h i ).
Confidence Intervals
Using the plug-in estimator of asymptotic variance, Avar β WLS in (3.4), gives approximate t confidence intervals for the coefficients having the form
where SE(β WLS,k ) . .= Avar(β WLS,k )/n , and t n−p,1−α/2 is the 1 − α/2 quantile of the t-distribution with n − p degrees of freedom. These intervals are asymptotically valid; however, simulations suggest that the true coverage rates are often smaller than the nominal level, especially in small samples. The standard errors for these confidence intervals are the same standard errors that would be used if we had known before observing any data that the model would be weighted by 1/ vθ(·) and the intervals do not account for variability in the estimation of the skedastic function. The coverage can be improved by reporting intervals based on the "pairs" bootstrap confidence intervals where the skedastic function is estimated on each bootstrap sample separately.
The empirical distribution of a sample (x 1 , y 1 ), ..., (x n , y n ) iŝ
The pairs bootstrap, which is commonly used for heteroskedastic regression models, generates bootstrap samples, (x * 1 , y * 1 ), ..., (x * n , y * n ) fromP n . Alternatively, one could generate bootstrap samples (x 1 , y * 1 ), ..., (x n , y * n ) using the wild bootstrap which simulates new response variables
where ε * i are sampled from any distribution F with mean zero and varianceε 2 i .
Remark 3.2. Typically ε * i . .= u i ·ε i where u i is a random variable with mean zero and variance one. When the errors are symmetric, a commonly used distribution (which will be referred to as the F 2 distribution) for u i takes values ±1, each with probability 1/2. For skewed errors, Mammen (1993) proposes simulating u i according to a distribution (which will be referred to as the F 1 distribution) that takes values −( √ 5 − 1)/2 with probability ( √ 5 + 1)/(2 √ 5) and ( √ 5 + 1)/2 with probability (
. This distribution has third moment one, and accounts for skewness in the distribution of the errors.
When computing the weighted least squares estimatorβ WLS , the parameter for the estimated skedastic function is re-estimated on the bootstrap sample byθ * . The following theorem establishes that the distribution of √ n β * WLS −β WLS , using the pairs or the wild bootstrap, is a consistent approximation of the sampling distribution of √ n β WLS − β .
Theorem 3.1. Suppose that (x 1 , y 1 ), ..., (x n , y n ) are i.i.d. satisfying assumptions (A1)−(A6) above, and that v θ (·) : θ ∈ R d is a family of continuous skedastic functions satisfying (3.3) for some θ 0 for any functions r θ 0 (·) and s θ 0 (·) such that
Letθ be an estimator satisfying (3.2). Further suppose that n 1/4 θ * − θ 0 converges to zero in conditional probability. (These assumptions are verified, under moment assumptions, for a particular parametric family of skedastic functions in Lemma 3.1).
and Ω 1/w exist, and Ω 1/w is invertible, then the conditional law of √ n β * WLS −β WLS , based on a pairs bootstrap sample or a wild bootstrap sample, converges weakly to the multivariate normal distribution with mean zero and covariance matrix Ω −1 1/w Ω v/w 2 Ω −1 1/w in probability. Furthermore, for any k, the distribution of √ n β * WLS,k −β WLS,k / Avar(β WLS,k ) * is asymptotically standard normal in probability, where Avar(β WLS,k ) * /n is the estimated standard error ofβ * WLS,k using the bootstrap sample.
Remark 3.3. Of course, the bootstrap distribution is random and hence its weak convergence properties hold in a probabilistic sense. As is customary, when we say that a sequence of random distributions, sayĜ n converges weakly to G in probability, we mean that ρ(Ĝ n , G) P − → 0 where ρ is any metric metrizing weak convergence on the space of distributions. We also say that a sequence T n (X, Y ) converges in conditional probability to zero almost surely if for almost every sequence
The approximation given in Theorem 3.1 guarantees the basic bootstrap confidence intervals computed by
are asymptotically level α, where q(α,P ) denotes the α quantile of
Rather than using the basic bootstrap confidence intervals, bootstrap-t intervals can be constructed.
Again appealing to 3.1, the bootstrap-t intervals
are asymptotically level α where t(α,P ) denotes the α quantile of
Remark 3.4 (Adaptive Least Squares). Romano and Wolf (2017) propose choosing between the OLS and WLS estimators by applying a test for conditional heteroskedasticity and call the resulting estimator the adaptive least squares (ALS) estimator. The confidence intervals reported for the ALS estimator, agree with either the confidence intervals for the WLS or OLS estimators (using HC standard errors), depending on the decision of the test. Rather than using asymptotic intervals, the corresponding bootstrap intervals for either the WLS or OLS estimators can be used for the ALS estimator.
In Theorem 3.1, it was assumed that we have a family of skedastic functions {v θ (·)}, and an estimator of θ, sayθ, such that n 1/4 θ * − θ 0 converges in conditional probability to zero. We will now verify this assumption for a flexible family of skedastic functions which includes the family specified in (3.1).
Lemma 3.1. For any functions g i :
and letθ be the estimator obtained by regressing
by OLS, where δ > 0 is a small constant. Then, n 1/4 θ * −θ 0 converges in conditional probability to zero for
4/3 are both finite for each j and k.
Hypothesis Testing
Just as using a t approximation often produces confidence intervals with coverage below the nominal confidence level, especially for small samples, using an F approximation to conduct F tests of linear constraints often gives rejection probabilities that are above the nominal significance level, especially for small samples. And as with confidence intervals, using the bootstrap can produce tests that have rejection probabilities that are closer to the nominal level. Consider the hypothesis
where R is a J × p matrix of full rank (with J ≤ p) and q is a vector of length J. Two appropriate test statistics for this hypothesis are the Wald statistic (3.5) and the maximum statistic,
It follows immediately from the results of Romano and Wolf (2017) that, under the null, the sampling distribution of W n (X, Y ) is asymptotically chi-squared with J degrees of freedom and the sampling distribution of M n (X, Y ) is asymptotically distributed as the maximum of the absolute values of k correlated standard normal variables. Let G n (x, P ) denote the sampling distribution of
Define c n (1 − α,P ) to be the 1 − α quantile of the distribution of
using the pairs or wild bootstrap.
Theorem 3.2. Suppose that (x 1 , y 1 ), ..., (x n , y n ) are i.i.d. according to a distribution P such that Rβ = q. Then, under the assumptions of Theorem 3.1,
That is, the bootstrap quantiles of the Wald statistic converge to the corresponding quantiles of a chi-squared distribution with J degrees of freedom when Rβ = q. Similarly,
We point out that hypothesis testing using the wild bootstrap is closely related to a commonly used randomization test under symmetry assumptions.
Suppose that the ε i follow a symmetric distribution conditional on X i in the sense that the distribution of ε i given X i is the same as the distribution of −ε i given X i . Then under H :
.., (x n , δ n y n )) for any x, y ∈ R n . Given a test statistic T n used to test the hypothesis H : β = 0, the permutation test rejects if T n (X, Y ) exceeds the appropriate quantiles of the permutation distribution of T n , which is given bŷ
For any choice of test statistic, the invariance of the distribution of the data under the group of transformations is sufficient to ensure that the randomization test is exact; see Lehmann and Romano (2005, Chapter 15 ) for details.
Typically for regression problems, the test statistic is chosen to be the usual F statistic in homoskedastic models, or the Wald statistic in heteroskedastic models. While under the symmetry assumption this test is exact in either setting, Janssen (1999) shows that this test is robust against violations of the symmetry assumptions (in the sense that the test is still asymptotically valid when the distribution of the Y i is not symmetric).
When the symmetry assumption is satisfied, the randomization test using W n or M n -as defined in equations (3.5) and (3.6), respectively -is exact in the sense that the null rejection probability is exactly the nominal level for any sample size. Even when this assumption is not satisfied, the test is still asymptotically valid, as the following theorem demonstrates.
converges in probability to zero conditionally on the X's and Y 's for any uniformly randomly chosen g δ ∈ G n . (This assumption is verified, under moment assumptions, for a particular parametric family of skedastic functions in Lemma 3.2). Then, under the assumptions of Theorem 3.1, the permutation distributionR Wn n of W n satisfies
Once again, this theorem makes assumptions about the convergence in probability of the estimate of the parameter in the skedastic function. We verify this assumption for a particular family of skedastic functions.
Lemma 3.2. For any functions g
by OLS, where δ > 0 is a small constant. Then, for any randomly and uniformly chosen g δ ∈ G n , n 1/4 θ (g δ (X, Y )) − θ 0 converges in conditional probability to zero for
A Convex Linear Combination of the Ordinary and Weighted Least Squares Estimators
When the family of skedastic functions is misspecified, the weighted least squares estimator can be less efficient than the ordinary least squares estimator, even asymptotically.
When interested in inference for a particular coefficient, say β k , practitioners might be tempted to decide between the ordinary and weighted least squares estimators based on which estimator has the smaller standard error In particular, it might be tempting to report the estimator
along with the corresponding confidence interval
Asymptotically, this estimator has the same efficiency as the better of the ordinary least squares and weighted estimators. However, the confidence interval (4.1) tends to undercover in finite samples due to the minimizing over the standard error. The next theorem establishes consistency of the bootstrap (and also bootstrap-t) distribution, which can be used to produce confidence intervals with better finite-sample coverage than those given by (4.1).
Theorem 4.1. Under the conditions of Theorem 3.1, the sampling distribution of √ n β MIN,k − β k converges weakly to the normal distribution with mean zero and variance
The distribution of √ n β * MIN,k −β k , where the samples (x * i , y * i ) are generated according to the pairs bootstrap or the wild bootstrap, converges weakly to the normal distribution having mean zero and variance σ 2 MIN in probability. Furthermore, for any k, the distribution of
MIN is asymptotically standard normal in probability, where
When the estimated skedastic function is consistent for the true skedastic function, the estimator β MIN,k is asymptotically as efficient as the best linear unbiased estimator. On the other hand, when the skedastic function is misspecified, one can find an estimator which is at least as efficient asβ MIN , regardless of whether or not the skedastic function is well modeled, but can potentially have smaller asymptotic variance. With the aim of creating such an estimator, consider estimators of the form
for λ ∈ [0, 1], which are convex-combinations of the ordinary and weighted least squares estimators.
To study the asymptotic behavior of these estimators, it is helpful to first find the asymptotic joint distribution of the ordinary and weighted least squares estimators.
Theorem 4.2. Under the assumptions of Theorem 3.1,
as n → ∞ .
It follows that for any λ ∈ [0, 1], √ n β λ − β asymptotically has a normal distribution with mean zero and covariance matrix
, which can be consistently estimated by
For any particular coefficient β k , it then holds that √ n β λ,k − β k is asymptotically normal with mean zero and variance Avar(β λ,k ), which denotes the k th diagonal entry of Avar(β λ ). This variance can be consistently estimated by Avar(β λ,k ), the k th diagonal entry of Avar(β λ ). In conjunction with this standard error, the estimatorβ λ,k can be used for inference about β k . For instance, asymptotically valid t confidence intervals are given bŷ
These intervals suffer from the same shortcomings as the asymptotic confidence intervals based on the weighted least squares estimator. But using the bootstrap can once again lead to improved finite-sample performance, and the following theorem establishes consistency of the bootstrap (and also bootstrap-t) distribution.
Theorem 4.3. Under the conditions of Theorem 3.1, √ n β * λ −β λ , using the pairs or the wild bootstrap, converges weakly to the normal distribution with mean zero and variance Avar(β λ ), in probability for any fixed λ. Furthermore, for any k, the distribution of √ n β * λ,k −β λ,k / Avar(β λ,k ) * is asymptotically standard normal in probability, where Avar(β λ,k ) * /n is the estimated standard error ofβ * λ,k using the bootstrap sample.
Although inference for β k can be based onβ λ for any λ ∈ [0, 1], we would like to choose a value of λ that results in an efficient estimator. The asymptotic variance Avar(β λ,k ) is a quadratic function of λ, and therefore has a unique minimum, say λ 0 , over the interval [0, 1] unless Avar(β λ,k ) is constant in λ (which may occur if there is homoskedasticity); in this case, define λ 0 = 1. Asymptotically,β λ 0 ,k is the most efficient estimate of β k amongst the collection β λ,k : λ ∈ [0, 1] . Because this collection includes both the weighted and ordinary least squares estimators,β λ 0 ,k is at least as efficient as the ordinary least squares estimator, and may have considerably smaller asymptotic variance when the skedastic function is well modeled. In fact, this estimator can have smaller asymptotic variance than both the ordinary and weighted least squares estimators. Unfortunately, without knowing the asymptotic variance, we cannot find λ 0 and we cannot use the estimatorβ λ 0 ,k .
Instead, we can estimate λ 0 byλ 0 , the minimum of Avar(β λ,k ) over the interval [0, 1], provided there is a unique minimum (otherwise setλ 0 = 1). In particular, the minimizer is given bŷ 
Theorem 4.4. Under the conditions of Theorem 3.1, the sampling distribution of √ n βλ 0 ,k − β k converges weakly to the normal distribution with mean zero and variance Avar(β λ 0 ,k ) and the boot-
−βλ 0 ,k also converges weakly to the normal distribution with mean zero and variance Avar(β λ 0 ,k ) in probability. Also, for any k, the distribution of √ n β * λ 0 ,k − β λ 0 ,k / Avar(βλ ,k ) * converges to the standard normal distribution in probability, where Avar(βλ ,k ) * /n is the estimated standard error ofβ * λ,k using the bootstrap sample.
Toy Examples of Linear Combinations with Lower Variance
We will now give an example of a regression model where the optimal λ is in [0, 1] followed by an example where the optimal λ is outside of [0, 1].
For both examples, we will consider the simplest case, namely univariate regression through the origin:
For the first example, let x i be uniform on the interval [−1, 1] and ε i have conditional mean zero and conditional variance var(ε i |x i ) = |x i |. In this example, we will estimate the skedastic function from the family {v θ (x) = θ · |x| : θ > 0} by regressing the squared residuals,ˆ 2 i on the |x i |. Consequently,
The estimator (1 − λ)β WLS + λβ OLS has variance which is minimized by as well as the coverage and average length of t intervals (with nominal coverage probability 95%) based on 10,000 simulations. For these simulations, the error terms are normally distributed.
For the second example, let the x i be standard normal, and ε i have conditional mean zero and conditional variance var(ε i |x i ) = x 2 i . For the weighted least squares estimator, we will again useis nearly constant in lambda (such as homoskedastic models), the estimates of λ can be highly unstable when not restricted, and the resulting intervals can have poor coverage. We recommend choosingλ = 0 if the minimizing λ is negative, orλ = 1 if the minimizing λ is positive. Even if the optimal lambda is outside the interval [0.1], choosing estimators in this way gives an estimator that asymptotically has the same variance as the better of the ordinary and weighted least squares estimators.
Monte Carlo Simulations and Empirical Application
In this section, we present simulations studying the accuracy of the bootstrap approximations, as well as the efficiency of the convex-combination estimator in comparison with the ordinary and weighted least squares estimators. Simulations are given for univariate regression models in Section 6.1 and for multivariate models in Section 6.2. An empirical application is given in Section 6.3.
We give the coverage and average length of bootstrap and asymptotic approximation confidence intervals. Because of the duality between intervals and testing, we omit simulations for tests. The tables presented compare the ordinary least squares estimator, the weighted least squares estimator, the estimator chosen between the ordinary and weighted estimators based on which has smaller sample variance, and the convex-combination estimator giving smallest sample variance (referred to as OLS, WLS, Min, and Optimal, respectively). Simulations are also given for the adaptive least squares (ALS) estimator. For this estimator, two methods of wild bootstrap-t intervals are
given. The first recomputes the ALS estimator by performing a test for heteroskedasticity on each bootstrap sample (and is referred to as ALS1 in the tables) and the other reports the bootstrap-t interval of the estimator chosen by the test for heteroskedasticty (and is referred to as ALS2 in the tables).
Each of the covariance estimators given in Remark 3.1 can be used for computing standard errors. For covariance estimation, the HC2 and HC3 estimators outperform either the HC0 or HC1
estimators. The HC3 estimator may not always outperform the HC2 estimator, but is claimed in Flachaire (2005) to outperform the HC2 estimator in many situations. For this reason, in each of the simulations presented, the HC3 covariance estimator is used. Further simulations, which are omitted here, indicated that the performance of the bootstrap intervals are relatively insensitive to the choice of covariance estimator, but the HC3 estimator performed noticeably better for the asymptotic intervals than the other estimators. Intervals based on a t-approximation use 10,000 simulations, while bootstrap intervals use 10,000 simulations with 1,000 bootstrap samples. The bootstrap intervals presented are given by the wild bootstrap-t methods. Unless otherwise specified, the errors for the wild bootstrap distribution are generated using the F 2 (or Rademacher) distribution, which puts equal mass on ±1 (as defined in Remark 3.2). In the bootstrap simulations, we scale the residuals (from the ordinary least squares estimator) by 1/ √ 1 − h i when generating bootstrap samples, where the h i are defined as in Remark 3.1. All confidence intervals are constructed with a nominal coverage probability of 95%.
Throughout, the parametric family used to estimate the skedastic function is
andθ is found by the OLS solution to the regression problem log max ˆ
where u i is the error term and δ . . = .1. This method of estimating the skedastic function is also used in Romano and Wolf (2017) . For the ALS estimator, the test for conditional heteroskedasiticity is the usual F -test of the hypothesis H : θ 1 = · · · = θ p = 0 at the 5% level.
Univariate models
Simulations are given using the model
where x i ∼ U (1, 4) and ε i are i.i.d. according to a distribution specified in several scenarios below.
Several forms of the true skedastic function v(·) are used, and are specified in the tables. In each of the simulations, (α, β) = (0, 0) and a confidence interval is constructed for β. Table 8 .1 gives the empirical mean squared error when the errors, ε i , are N (0, 1). Table 8.2 gives the coverage of and average length of t intervals. To understand the effect of skewness of the error distributions, these simulations are repeated using exponential (with parameter one, centered to have mean zero) errors in Table 8 .4 (with HC3 estimators). Table 8 .3 give the coverage and average length of wild bootstrap-t intervals when the errors are N (0, 1). Simulations with exponential errors are given in Table 8 .5. Table 8 .6 repeats the simulations in Table 8 .5, but instead uses the F 1 distribution (as defined in Remark 3.2) to generate the wild bootstrap error terms.
The empirical mean squared error of the weighted least squares estimator (Table 8 .1) can be considerably smaller than that of the ordinary least squares estimator when the skedastic function is well modeled. When the family of skedastic functions is misspecified or there is conditional homoskedasticity, the weighted least squares may have worse mean squared error. While in several of the simulations, the empirical mean squared error of the weighted least squares estimator can be reduced by the ordinary least squares estimator, using the optimal combination, or the estimator with smallest estimated variance gives similar performance to the better of the ordinary and weighted least squares estimators. The adaptive least squares estimator has mean squared error that is close to the better of the ordinary and weighted least squares estimators, but can have somewhat larger mean squared error than the optimal combination estimator.
For normal errors, the asymptotic approximation intervals have coverage that is very close to the nominal level when using the ordinary least squares estimator. However, for each of the other estimators, the corresponding asymptotic intervals can have coverage that is noticeably under the nominal level (especially in small samples). Furthermore, coverage of the t intervals based on either the minimum variance or optimal convex-combination estimator is somewhat lower than the coverage of intervals based on either the ordinary or weighted least squares estimators. By comparison, the intervals using the wild bootstrap-t method have coverage that is closer to the nominal level than those based on an asymptotic approximation. For any estimator, the bootstrap intervals have comparable width to the corresponding t intervals.
In homoskedastic models, the size of the bootstrap-t intervals based on the convex-combination estimator are only very slightly wider than those given by the ordinary least squares estimator using the asymptotic approximation, and the intervals have comparable levels of coverage for each of the sample sizes studied. In the heteroskedastic models, the convex-combination estimator performs comparably to the weighted least squares estimator, even in small samples (e.g., n=20).
By comparison, the adaptive least squares estimator gives intervals that tend to be somewhat wider than the weighted least squares estimator in small samples. In moderate and large samples, the adaptive least squares estimator performs comparably to the weighted least squares estimator. In each of the simulations, intervals based on the convex-combination estimator perform similarly to using the weighted least squares estimator in situations when this estimator is more efficient, but never perform noticeably worse than intervals based on the ordinary least squares estimator.
As with normal errors, when the errors follow an exponential distribution, the wild bootstrap-t intervals improve coverage over the asymptotic approximation intervals. However, even when using the bootstrap intervals, the coverage can be much below the nominal level for any of the estimators aside from the ordinary least squares estimator. In this setting, the performances of the optimal convex-combination estimator, and the adaptive least squares estimator are very similar.
Theoretical results, such as those given in Liu (1988) , suggest that using the F 1 distribution may have better coverage than the F 2 distribution when the errors are skewed. The simulations indicate that even with skewed errors, the F 2 distribution has better small-sample performance.
The findings here are in agreement with the simulation study provided in Davidson and Flachaire (2008) . This paper asserts that "the F 2 distribution is never any worse behaved than the F 1 version, and is usually markedly better."
In the univariate setting with normally distributed errors, there is very little downside to using the optimal convex-combination estimator when compared with the ordinary least squares estimator, and this estimator often significantly improves efficiency. In small samples, the bootstrap intervals have coverage that is closer to the nominal level than the corresponding asymptotic approximation intervals. When the errors are very skewed, weighting can improve efficiency, and the bootstrap intervals again give better coverage, although the coverage can be much lower than the nominal level. If the errors are severely skewed, it may not be worth weighting in very small sample sizes as the coverage for any of the estimators other than the ordinary least squares estimator can be severely below the nominal level.
Multivariate models
where the x i,j ∼ U (1, 4) for j = 1, 2, 3 and ε i ∼ N (0, 1). Several forms of the true skedastic function v(·) are used, and are specified in the tables. Without loss of generality, the regression coefficients are all set to zero, and a confidence interval is constructed for β 1 . In this section, simulations are given for homoskedastic models as well as heteroskedastic models using the following skedastic functions:
• v 1 (x) . . = exp (2 log |x 1 | + 2 log |x 2 | + 2 log |x 3 |) These simulations demonstrate that intervals based on the weighted least squares estimator, or the optimal convex-combination estimator found using an asymptotic approximation have coverage that is below the nominal level. In small samples (n = 20), the coverage of the intervals based on the bootstrap is closer to the nominal level than the asymptotic approximation intervals, although the coverage can be somewhat below the nominal level. In moderate sample sizes (n = 50), the coverage of the bootstrap intervals is almost exactly at the nominal level in each of the examples, whereas the asymptotic intervals can still have coverage that is noticeably below the nominal level.
In each of the examples, the optimal convex-combination estimator performs comparably to the better of the weighted and ordinary least squares estimators.
In small samples, there appears to be little improvement in efficiency from weighting, but the coverage for each of the weighted estimators tends to be somewhat lower than the coverage for the intervals based on the ordinary least squares estimator. Therefore, in small sample sizes (n = 20), it may be better to use the ordinary least squares estimator. In more moderate samples (n=50), there can be substantial improvements in efficiency from weighting. The optimal convex-combination estimator performs comparably to the better of the ordinary and weighted least squares estimators.
In comparison, the adaptive least squares can be more efficient than the ordinary least squares estimator, but is often less efficient than either the convex-combination estimator, or the weighted least squares estimator. Therefore, if the sample size is relatively small, it may be best to report the asymptotic intervals from the ordinary least squares estimator. In moderate and large sample size, the optimal convex-combination estimator gives nearly best performance in each of the simulations.
Especially in moderate sample sizes (n=50), the coverage of the intervals based on this interval is improved by using the bootstrap.
Empirical Example
The dataset under consideration is a sample of 506 observations taken from the Boston area in 1970. Five of the included variables are:
log (price): log of median house price in US dollars log(nox) log of nitrogen oxide in the air in ppm log(dist) log of weighted distance from employment centers in miles rooms average number of rooms per house stratio average student-teacher ratio
The response variable is log(price), and the four remaining variables are the explanatory variables. The family of skedastic functions used to estimate the true skedastic function, as well as the method of estimating the parameter, is that used in Section 6.2 but extended to have two additional predictors. Table 8 .9 gives the estimates of the coefficients for each of the predictors. Table 8.10 gives the corresponding confidence intervals. Table 8 .11 gives the lengths of the intervals in Table   8 .10.
The estimated coefficient of stratio from the optimal convex-combination estimator is between the ordinary and weighted least squares estimator. For this coefficient, the interval is narrower for the convex-combination estimator than either the ordinary or weighted least squares estimator (and also the adaptive least squares estimator which agrees with the weighted least squares estimator). For the remaining variables, the estimated coefficients using the optimal convex-combination estimator are identical to those using the weighted least squares estimator which produces narrower intervals than the ordinary least squares estimator. For these coefficients, the intervals from the convex-combination estimator are nearly identical to those from the weighted least squares estimator. This example confirms that for large sample sizes, the optimal convex-combination estimator produces intervals that are nearly identical to the narrower of the intervals given by the weighted and ordinary least squares estimators, if not even narrower.
Conclusion
Making some attempt to model the skedastic function and using a weighted estimator can result in large gains in efficiency when compared with inference based on ordinary least squares estimators. Still, there are some shortcomings to basing inference on a weighted least squares estimator, with heteroskedasticity-consistent standard errors (which are valid when the skedastic function is not consistently estimated), and using an asymptotic approximation to the sampling distribution.
Simulations demonstrate that asymptotic approximations can give poor small sample performance, yielding confidence intervals with coverage below the nominal level, or tests with type I error rates that can be larger than the nominal level. Furthermore, a badly estimated skedastic function can result in an estimator that is less efficient than simply using the ordinary least squares estimator irrespective of the sample size.
In this paper, we propose an estimator that is a convex-combination between the ordinary and weighted least squares estimators. The convex-combination estimator takes advantage of weighting when weighting provides improvement in efficiency, and performs comparably to the OLS otherwise.
There is little downside, even in homoscedastic models, to using the convex-combination estimator rather than the OLS estimator. But in circumstances when the WLS estimator is advantageous, the convex-combination estimator has comparable performance to the WLS estimator. Simulations confirm that the convex-combination estimator performs similarly to the better of the WLS and OLS estimators. In contrast, the adaptive least squares estimator may not realize all of the efficiency gains to be had by weighting, especially in small and moderate sample sizes.
For either the weighted least squares estimator or the convex-combination estimator, inference based on asymptotic approximations to the sampling distributions can have poor performance in small or even moderate sample sizes. This paper established consistency of the pairs and wild bootstrap for both of these estimators. Simulations demonstrated that in small or moderate samples, using the bootstrap approximations has improved coverage for confidence intervals. Of course, the bootstrap often has higher-order accuracy when compared with asymptotic approximations as discussed in Hall (1992) . Proving improvements in accuracy from the bootstrap in our application is an open question, but would require accounting for the data-driven choice of weights, and is beyond the scope of the paper. Inference using the convex-combination estimator bridges the gap between the ordinary and weighted least squares estimator. Unless the sample size is very small relative to the number of coefficients under consideration, in which case weighting may only provide relatively modest benefits, the convex-combination estimator is never noticeably worse than the ordinary least squares estimator, and potentially much better. In small and moderate samples, using a bootstrap approximation to the sampling distribution leads to more reliable inference. Table 8 .6: Coverage and average length of wild bootstrap-t (generated using Mammen's error distribution) confidence intervals for β using the HC3 covariance estimator with exponential errors. 1952 10.1952 10.1952 log ( 
Appendix
Proof of Theorem 3.1. For a fixed function w(·), define W . .= diag {w(x 1 ), ..., w(x n )} and
If the skedastic function is estimated from a family {v θ } by vθ, the weighted least squares estimator is given by byβ
We would like to show that the bootstrap distribution √ n β * W LS −β WLS (conditional on the data) consistently approximates the sampling distribution of √ n β WLS − β . To do this, we will first show that the distribution of √ n β * W −β W consistently approximates the distribution of √ n β W − β for a fixed W (satisfying some regularity conditions).
We will then show that √ n β * W LS −β WLS − √ n β * W −β W converges in conditional probability to zero for W = V θ 0 , assuming that the estimateθ * of the variance parameter is conditionally consistent for some fixed θ 0 . That is, the proof of Theorem 3.1 will rely on Lemmas 9.1 and 9.2 which are stated below. and satisfies
Then, for almost all sample sequences, the conditional law of √ n β * W −β W converges weakly to the normal distribution with mean 0 and variance
Proof of Lemma 9.1 using the pairs bootstrap. Let C P be the set of sequences {P n } such that (B1) P n converges weakly to P (the distribution of (x i , y i )).
To prove the lemma, we will first show that the distribution of √ n β W − β W (P n ) under P n converges weakly to the normal distribution with mean 0 and variance Ω
whenever {P n } ∈ C p , and then show that the empirical distribution is in C p almost surely.
Let (x n,i , y n,i ), i = 1, ..., n be independent and identically distributed according to P n such that
It follows immediately from the assumptions that
and we have the desired asymptotic normal distribution if we can show
This convergence follows from the Lindeberg-Feller CLT if
for all δ > 0. This convergence holds by the same argument as in the one-dimensional case given above. It is easily seen that the empirical distribution functionsP n are almost surely in C P , and the result of the theorem follows.
Proof of Lemma 9.1 using the wild bootstrap. Let S be the set of sequences {x i , y i } satisfying the following conditions:
On S, 1 n X n W −1 X n −1 → Ω 1/w , and √ n β WLS −β W → 0. Thus, to show the desired asymptotic normality, it suffices to show that, on S, W −1ε * d − → N (0, Ω v/w 2 ) conditionally on the x s and y s.
This convergence holds using the Cramér-Wold device, since for each vector c ∈ R p , c X n W −1ε * = x i c 1 w(x i )ε * which is asymptotically normal with mean zero and variance c Ω v/w 2 c by the Lindeberg-Feller Central Limit Theorem which is applicable because condition (S3) holds.
The conditions specified by the set S do not hold almost surely, but they do hold in probability.
By the Almost Sure Representation Theorem, there exist versions of the X's and Y 's such that S holds almost surely. It follows that the asymptotic normality of the wild bootstrap distribution holds in probability.
Lemma 9.2. Suppose thatθ * is consistent for θ 0 , in the sense that n 1/4 θ * − θ 0 converges in conditional probability to zero. Suppose thatβ
. Under the assumptions of Theorem 3.1,
Proof of Lemma 9.2 using the pairs bootstrap. Let C P be the set of sequences {P n } that satisfy the following conditions:
(C1) P n converges weakly to P (C2)
(C8) n 1/4 θ − θ 0 converges in P n -probability to zero
Suppose that (x n,i , y n,i ), i = 1, ..., n are i.i.d. according to P n where P n is any sequence in C P .
Define the residuals
where
xydP n , and
Then,
To show this quantity converges in probability to zero, it suffices to show that
We can write the first expression as
By the assumptions on sequences in C P , √ n βŴ − β W P − → 0. It will be seen later that 1 n X nŴ −1 X n P − → E(x x/w(x)), so the second tern in the above expression converges to zero in probability. The first term is
which, as in Romano and Wolf (2017) , can be written as A + B where the j th entry of A is
and with probability tending to one,
Because n 1/4 (θ l − θ 0,l ) P − → 0, to show A j P − → 0, we only need to show that
for each l = 1, ..., K. We will do this by showing that the mean and variance converge to zero.
The variance converges to zero since
and, by the assumptions on C P , the sequence of variances var Pn (x n,i,j ε W,n,i r θ 0 ,l (x n,i )) is bounded.
To show that the mean converges to zero, write
x n,i,j ε n,i r θ 0 ,l (x n,i )+n
The expectation of the first term converges to zero by assumption and the expectation of the second term converges to zero, since
x n,i,j ε W,n,i s θ 0 (x n,i ) = O p (1).
As in the argument for A j , this last sum has expectation tending to a constant, and variance tending to zero, and so it converges in probability to a constant.
Finally we must show that 1 n X nŴ −1 X n − X n W −1 X n = 1 n x i x n,i 1 vθ(x n,i ) − 1 v θ 0 (x n,i ) converges in probability to zero. The argument proceeds as above.
Since
√ n βŴ −β W converges to zero in probability, but not necessarily almost surely, the empirical distribution functionsP n do not lie in C P almost surely. However, it is easily seen that the empirical distribution functions satisfy the moment conditions on C P in probability, so the asymptotic normality of the bootstrap distribution holds in probability.
Proof of Lemma 9.2 using the wild bootstrap. Let S be the set on which (S1)-(S4) hold as well as (S5) 1 n n i=1 x iŷi r θ 0,l (x) 2 → E P (|x i y i r θ 0 ,l (x)| 2 ) for each i = 1, ..., p, l = 1, ..., d ,
1 n n i=1 |x iŷi s θ 0 (x)| 2 → E P (|x i y i s θ 0 (x)| 2 ) for each i = 1, ..., p, l = 1, ..., d , and (S7) n 1/4 θ * − θ 0 converges in probability to zero.
We will show that
converges to probability to zero, conditional on any sequence of x s and y s in S .
By assumption, the second term converges to zero on S . To show the first term converges in probability to zero, we will show that 1 √ n X nŴ * −1 ε * − X n W −1 ε * P − → 0 and 1 n X nŴ * −1 X n − X n W −1 X n P − → 0 .
The first quantity can be written as 1 √ n X n Ŵ −1 − W −1 ε * = 1 √ n x n,i 1 vθ * (x n,i ) − 1 v θ 0 (x n,i ) ε * i which again can be written as A + B where the j th entry of A is
x n,i,j ε * i K l=1 r θ 0 ,l (x n,i )(θ * l − θ 0,l ) , and with probability tending to one,
|x n,i,j ε * i s θ 0 (x n,i )| .
By assumption (S7), n 1/4 (θ * l − θ 0,l ) p − → 0. Further, for each l, n −3/4 n i=1 x n,i,j ε * i K l=1 r θ 0 ,l (x n,i ) converges in probability to zero since it has mean zero and variance var n −3/4 n i=1 x n,i,j ε * i r θ 0 ,l (x n,i ) = n −3/2 n i=1 (x n,i,jεi r θ 0 ,l (x n,i )) 2 which converges to zero on S by assumption (S5). Consequently, A j converges in probability to zero for each j. Similarly, B j converges in probability to zero since √ n(θ * l − θ 0,l ) 2 converges in probability to zero, and 1 n |x n,i,j ε * i s θ 0 (x n,i )| converges in probability to a constant. The other convergence, 1 n X nŴ * −1 X n − X n W −1 X n P − → 0 , follows from a similar argument.
Proof of Lemma 3.1. We will first consider the estimateθ obtained by regressing h δ (ε i ) on g(x i ). By a similar argument to Lemma 9.1, √ n θ * −θ is almost surely asymptotically normal. Consequently, n 1/4 θ * −θ converges in conditional probability to zero, almost surely. We can express
where G and h are the matrix and vector containing the g(x i ) and h δ (ε i ), respectively, and e is the vector with entries e i = h δ (y i ) − g(x)θ 0 . Since ( 1 n G G) −1 converges almost surely to E(g(x i ) g(x i )) and n −3/4 G e converges in almost surely to zero, n 1/4 θ − θ 0 converges almost surely to zero.
Writing n 1/4 θ * − θ 0 = n 1/4 θ * −θ + n 1/4 θ − θ 0 , we see this quantity converges in conditional probability to zero, almost surely.
It is easily seen that 1 n g(x * i )g (x * i ) converges in conditional probability to E(g(x)g(x) ) and n −3/4 g(x * i ) (h δ (ε * i ) − h δ (ε * i )) converges in conditional probability to zero, almost surely. . As a consequence of Theorem 2, the bootstrap distribution of √ nR(β * W LS − β WLS ) approximates the distribution of √ n(Rβ − q). It follows that the bootstrap distribution of W * n consistently approximates the distribution of W n . Moreover, both the bootstrap distribution of M * n and the sampling distribution of M n are asymptotically distributed as max i |Z i | where Z is a multivariate normal random variable with mean zero and covariance matrix V Ω 
The claim follows from Slutsky's Theorem.
Proof of Theorem 4.3. An argument analogous to the proof of Theorem 3.1 to the one presented above shows that for any fixed λ, the bootstrap distribution of √ n(λβ * WLS + (1 − λ)β * OLS − λβ WLS − (1 − λ)β OLS ) = √ n(β * λ −β λ ) , is asymptotically normal with mean zero and covariance matrix Avar(β λ ) in probability.
It follows from the weak law of large numbers for triangular arrays that Avar(β λ ) * converges in conditional probability to Avar(β λ ), almost surely. The second convergence follows from Slutsky's Theorem.
